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Contributions

• New principle for disentanglement based on mechanism sparsity regularization
motivated by novel identifiability guarantees

• Extending [2] to nonparametric and partial disentanglement results
• Given a latent ground-truth graph, our theory describes how entangled the
learned representation is expected to be

• Algorithm based on VAEs and constrained optimization to enforce sparsity
• Many examples to show the scope of our theory

An identifiable model with latent dynamics

• Observation (e.g. image): xt ∈ Rdx for all t ∈ [T ]

• Latent factors: zt ∈ Rdz for all t ∈ [T ], with dz ≤ dx

• Auxiliary variables (e.g. action or intervention index): at ∈ Rda for all t ∈ [T ]

• xt = f (zt) + nt, where nt ∼ N (0, σ2I) and f is a diffeomorphism onto its image
• Latent dynamical system: p(zt | z<t,a<t) =

∏dz
i=1 p(z

t
i | z<t

Pazi ,a
<t
Paai )

where Pazi and Paai are the parents of zt
i in graphsGz andGa.

Terminology & Notation

• Ground-truth parameter: θ := (f , p,G)

• Learned parameter: θ̂ := (f̂ , p̂, Ĝ)

• Entanglement map: v := f−1 ◦ f̂ , assuming f (Rdz) = f̂ (Rdz)

• Entanglement graph: Vi,j = 0 ⇐⇒ ∀z ∈ Rdz, ∂vi

∂zj
(z) = 0

• Complete disentanglement: Graph V is a permutation, i.e. v = d ◦ P⊤ where d
is element-wise

• Partial disentanglement: Graph V is not complete nor a permutation
• Rm×n

B := {M ∈ Rm×n | Bi,j = 0 =⇒ Mi,j = 0} (it's a vector space!)
• Abuse of notation: M ⊆ B ⇐⇒ M ∈ Rm×n

B

Constrained VAE approach

• Approximate posterior: q(z≤T | x≤T ,a<T ) :=
∏T

t=1 q(z
t | xt)

• Transitionmodel: p̂(zt
i | z<t,a<t) is a Gaussian distribution withmean µ̂i(z

<t,a<t)
(theory allows for more flexibility)

• Evidence lower bound:
log p̂(x≤T |a<T ) ≥ ELBO(f̂ , µ̂, Ĝ, q;x≤T ,a<T ) :=

T∑
t=1

E
q(zt|xt)

[log p̂(xt | zt)]− E
q(z<t|x<t)

KL(q(zt | xt)||p̂(zt | z<t,a<t))

• Adding sparsity constraint:
max
f̂ ,µ̂,γ,q

EĜ∼σ(γ)ELBO(f̂ , µ̂, Ĝ, q) subject to EĜ∼σ(γ)||Ĝ||0 ≤ β .

• Using Gumbel-sigmoid trick to estimate gradient w.r.t. γ.
• Constrained optimization is done by doing gradient ascent-descent on the La-
grangian. We are using the python library cooper [1].
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Proof sketch &G-preserving matrices

Proposition: If p(x≤T | a<T ) = p̂(x≤T | a<T ) everywhere, then f (Rdz) = f̂ (Rdz) and
p̂(zt | z<t,a<t) = p(v(zt) | v(z<t),a<t)| detDv(zt)| .

• By taking the log on both sides and computing derivative w.r.t. both zt and aτ

with τ < t we get
H t,τ

z,a log p̂(zt | z<t,a<t)︸ ︷︷ ︸
⊆ Ĝa

= Dv(zt)⊤H t,τ
z,a log p(v(zt) | v(z<t),a<t)︸ ︷︷ ︸

⊆ Ga

.

• The Hessian of the log-conditional-densities have the same sparsity asGa!
• If we assume that Ĝa = Ga, we have that Dv(zt) preserves the graphGa, which
motivates the following definition:
G-preserving matrix: C⊤Rm×n

G ⊆ Rm×n
G (forms a group when C are invertible!)

Proposition: A matrix C isG-preserving if and only if
for all i, j, Gi,· ̸⊆ Gj,· =⇒ Ci,j = 0 . (1)

• In other words,G-preserving matrices are sparse!
• Thus, if for all zt, H t,τ

z,a log p spans Rdz×da
Ga , then Dv(zt) isGa-preserving!

• Result assumes only ∥Ĝa∥0 ≤ ∥Ga∥0, so additional permutation indeterminacy.
• Similar argument works for sparsity ofGz :

H t,τ
z,z log p̂(zt | z<t,a<t)︸ ︷︷ ︸

⊆ Ĝz

= Dv(zt)⊤H t,τ
z,zlog p(v(zt) | v(z<t),a<t)︸ ︷︷ ︸

⊆ Gz

Dv(zτ)

Identifiability results

• Since invertible G-preserving matrices form a group, the dependency graph of
z = v(ẑ) is the same as ẑ = v−1(z) (modulo permutation)

•Graphical criterion of [2] implies complete disentanglement!

Experiments


